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ABSTRACT 

T h i s  r e p o r t  d e s c r i b e s  a computing p rocedure  f o r  o b t a i n i n g  t h e  c o o r d i n a t e s  

and v e l o c i t y  of a n e a r  e a r t h  s a t e l l i t e  from measurements of  i t s  r ange  and/or 

a n g u l a r  p o s i t i o n  i n  t h e  sky .  

d i f f e r s  from o t h e r  computing p rocedures  i n  t h a t  t h e  o b l a t e n e s s  p o t e n t i a l  i s  

i n c l u d e d  i n  t h e  a n a l y t i c a l  s o l u t i o n  of t h e  e q u a t i o n s  of  motion,  Th i s  s o l u t i o n  

i s  e x p r e s s e d  i n  t e rms  of  e l l i p t i c  i n t e g r a l s  of t h e  f i r s t ,  second and t h i r d  

k i n d s .  The modulus of t h e  e l l i p t i c  i n t e g r a l s  i s  o f  t h e  o r d e r  of magni tude of 

t h e  c o e f f i c i e n t  of t h e  second t e r m  i n  t h e  harmonic expans ion  of  t h e  e a r t h ' s  

g r a v i t a t i o n a l  p o t e n t i a l ,  so  t h a t  t h e  se r ies  expans ions  o f  t h e  e l l i p t i c  i n t e g r a l s  

converge  r a p i d l y .  I n  t h e  computing program coded from t h i s  p rocedure ,  t h e  e l l i p -  

t i c  i n t e g r a l s  a r e  e v a l u a t e d  i n  s u b r o u t i n e s  which, from t h e  v i ewpo in t  of  program- 

ming, number of  l o c a t i o n s ,  and number of  o p e r a t i o n s  a r e  e n t i r e l y  comparable  t o  

s u b r o u t i n e s  f o r  t h e  e l emen ta ry  func t ions .  The p rocedure  a p p l i e s  t o  n e a r  e a r t h  

s a t e l l i t e s  f o r  a l l  v a l u e s  of e c c e n t r i c i t y  less t h a n  u n i t y ,  and f o r  a l l  i n c l i n a -  

t i o n s  w i t h  t h e  t r i v i a l  excep t ion  t h a t  f o r  p o l a r  o r b i t s ,  t h e  c e l e s t i a l  l o n g i t u d e  

i s  i n d e t e r m i n a t e  i n  t h e  immediate v i c i n i t y  of  t h e  c e l e s t i a l  po le s .  

s o l a r  r a d i a t i o n  f o r c e s ,  e t c . ,  a r e  i n c l u d e d  by means of  a " v a r i a t i o n  of c o n s t a n t s "  

method. 

The p rocedure ,  f i r s t  s u g g e s t e d  by V i n t i  (1959), 

Drag f o r c e s ,  
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1 I n t r o d u c t i o n  

The e q u a t i o n s  of motion of  a n e a r - e a r t h  s a t e l l i t e  have  r e c e i v e d  much a t t e n -  

t i o n  i n  r e c e n t  y e a r s .  No s o l u t i o n  of t h e s e  e q u a t i o n s  i n v o l v i n g  a f i n i t e  number 

of e l e m e n t a r y  f u n c t i o n s ,  o r  i n t e g r a l s  of  e l emen ta ry  f u n c t i o n s ,  h a s  been found.  

Numer ica l  i n t e g r a t i o n  of t h e  e q u a t i o n s  p r e s e n t s  s e r i o u s  p r a c t i c a l  d i f f i c u l t i e s  

because  of t h e  round-of f  e r r o r ,  t h e  t r u n c a t i o n  e r r o r ,  and t h e  problem of improv- 

i n g  i n i t i a l  c o n d i t i o n s  from o b s e r v a t i o n s .  The l a c k  of an a n a l y t i c a l  s o l u t i o n ,  

and t h e  p r a c t i c a l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  d i r e c t  n u m e r i c a l  i n t e g r a t i o n  have  

l e d  t o  t h e  m o d i f i c a t i o n  of o l d e r  methods and t o  t h e  development  of newer approx-  

i m a t e  a l g e b r a i c - n u m e r i c  methods [ see ,  f o r  example,  Ref .  2 - 71. These a p p r o x i -  

mate methods a r e  based  on t h e  computation of s m a l l  mot ions  r e l a t i v e  t o  a r e f e r -  

ence  o r b i t .  The r e f e r e n c e  o r b i t  i s  o b t a i n e d  a n a l y t i c a l l y ;  t h e  sma l l  " r e s i d u a l "  

mot ions  a r e  computed by 

se r ies  [Ref. 2, 31, o r  ( b )  by numer ica l  i n t e g r a t i o n  [Ref. 4, 51. Each of t h e s e  

methods r e q u i r e s  a l i t e r a l  a l g e b r a i c  development .  The complexi ty  of t h e  compu- 

t a t i o n a l  p rocedure ,  t h a t  i s ,  t h e  o r d e r  of terms which must be r e t a i h e d i n  t h e  

a l g e b r a i c  development t o  i n s u r e  accuracy ,  and t h e  problems of computing time, 

computer  s i z e ,  and s o  on, i s  de te rmined  l a r g e l y  by t h e  r e f e r e n c e  o r b i t  s e l e c t e d .  

The p a t h  of an e a r t h  s a t e l l i t e  f o r  an a r c  o f ,  say, one r e v o l u t i o n  i s  a p p r o x i -  

ma te ly  K e p l e r i a n ,  s o  t h a t  a t  f i r s t  s i g h t  t h e  l o g i c a l  c h o i c e  f o r  t h e  r e f e r e n c e  

o r b i t  i s  a Kep le r i an  o r b i t .  N e v e r t h e l e s s ,  t h e  d e v i a t i o n  of t h e  a c t u a l  p a t h  

from a Kep le r i an  o r b i t  i s  g r e a t  enough t o  i n t r o d u c e  o b j e c t i o n a l  c o m p l e x i t i e s  

i n t o  a l i t e r a l  development .  

( a )  expanding t h e  d i s t u r b i n g  f u n c t i o n s  i n  a F o u r i e r  

A s t u d y  of t h e  computa t iona l  problems a s s o c i a t e d  w i t h  t h e  o r b i t s  of 

a r t i f i c i a l  e a r t h  s a t e l l i t e s  o v e r  a r c s  of  many r e v o l u t i o n s  l e a d s  t o  t h e  con- 

c l u s i o n  t h a t  a r e f e r e n c e  o r b i t  based on Kep le r i an  motion i s  n o t  t h e  optimum 

one.  A number of mod i f i ed  r e f e r e n c e  o r b i t s  have  been d e v i s e d  [Ref. 5,6,7]. 

- 1 -  
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In  an i m p o r t a n t  pape r ,  S t e r n e  [Ref. 81 p o i n t e d  o u t  t h a t  by i n c l u d i n g  a p a r t  

of t h e  o b l a t e n e s s  p o t e n t i a l  i n  t h e  Hami l tonian ,  an e x a c t  a n a l y t i c a l  s o l u t i o n  

of t h e  Hami l ton-Jacobi  e q u a t i o n  y i e l d e d  a skewed, n o n - p e r i o d i c  r e f e r e n c e  o r b i t  

which was c o m p e t i t i v e  i n  accu racy  t o  a Kep le r i an  o r b i t  w i t h  f i r s t  o r d e r  p e r -  

t u r b a t i o n s .  

of t h e  Hamil ton-Jacobi  equa t ion  o b t a i n e d  by i n c l u d i n g  p a r t  o f  t h e  o b l a t e n e s s  

p o t e n t i a l  i n  t h e  Hami l tonian .  I n  t h e s e  two p a p e r s ,  t h e  Hami l tonian  i s  expres sed  

i n  s p h e r i c a l  p o l a r  c o o r d i n a t e s ,  and o n l y  p a r t  of t h e  quadrupo le  moment term i n  

t h e  harmonic  expans ion  of t h e  e a r t h ' s  p o t e n t i a l  i s  i n c l u d e d  wi th  t h e  monopole 

te rm.  V i n t i  [Ref. 1 1 demons t r a t ed  t h e  e x i s t e n c e  of a r o t a t i o n a l l y  symmetr ic  

s o l u t i o n  of L a p l a c e ' s  equa t ion  i n  o b l a t e  s p h e r o i d a l  c o o r d i n a t e s  which ( a )  f i t s  

t h e  e x p e r i m e n t a l l y  de t e rmined  v a l u e s  of  t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l  

w i t h i n  20.2 p a r t s  p e r  m i l l i o n ,  and which ( b )  i s  i n  a form which p e r m i t s  an 

e x a c t  a n a l y t i c a l  s o l u t i o n  of t h e  Hamil ton-Jacobi  e q u a t i o n s .  The g r a v i t a t i o n a l  

f o r c e  due  t o  t h e  e a r t h ' s  o b l a t e n e s s  i s  t h e  overwhelmingly i p p o r t a n t  n o n - c e n t r a l  

f o r c e  a c t i n g  t o  d i s t u r b  t h e  p a t h  of motion of n e a r - e a r t h  s a t e l l i t e s  from a 

Kep le r i an  o r b i t ,  f o r  a l l  s a t e l l i t e s  which a r e  n o t  so  n e a r  a s  t o  be brought  

down q u i c k l y  by a t m o s p h e r i c  r e s i s t a n c e .  V i n t i ' s  method makes i t  p o s s i b l e  t o  

i n c o r p o r a t e  t h i s  l a r g e s t  n o n - c e n t r a l  f o r c e  i n t o  t h e  a n a l y t i c a l  s o l u t i o n  i n  a 

r e l a t i v e l y  s i m p l e  manner. The r e f e r e n c e  o r b i t  s h o u l d  be c o m p e t i t i v e  i n  accu-  

r a c y  w i t h  a Kep le r i an  o r b i t  w i t h  very  h i g h  o r d e r  p e r t u r b a t i o n s ;  comparison of 

t h e  resu l t s  of V i n t i ' s  method, a s  fo rmula t ed  i n  t h i s  pape r ,  w i t h  p r e c i s e  

n u m e r i c a l  i n t e g r a t i o n s  of t h e  equa t ionso f  motion,  and t h e  comparison of com- 

p u t e d  w i t h  a c t u a l  o b s e r v a t i o n s  on e x i s t i n g  s a t e l l i t e s  o v e r  l ong  a r c s ,  con f i rm 

t h i s .  

t u r b a t i o n  p r o c e d u r e s  a r e  conven ien t ly  a p p l i e d .  

G a r f i n k l e  [Ref. 91 i n v e s t i g a t e d  t h e  v a r i o u s  forms of t h e  s o l u t i o n  

The r ema in ing  n o n - c e n t r a l  f o r c e s  a r e  s m a l l ,  s o  t h a t  c o n v e n t i o n a l  p e r -  

The purpose  of t h i s  pape r  i s  t o  g i v e  a f o r m u l a t i o n  of  V i n t i ' s  method 

a p p l i c a b l e  t o  t h e  computat ion of s a t e l l i t e  o r b i t s .  In  t h i s  f o r m u l a t i o n ,  t h e  

k i n e t i c  e q u a t i o n s  of motion a r e  t r ans fo rmed  i n t o  s t a n d a r d  e l l i p t i c  i n t e g r a l s  

of  t h e  f i r s t ,  second and t h i r d  k inds ,  w i t h  arguments  ana logous  t o  t h e  t r u e  

anomaly and t h e  argument of l a t i t u d e  i n  Kep le r i an  motion.  The two e q u a t i o n s  

which r e p l a c e  K e p l e r ' s  equa t ion  a r e  n u m e r i c a l l y  i n v e r t e d  t o  o b t a i n  t h e  a rgu -  

ments  a t  a g iven  t ime.  The fo rmula t ion  i s  w e l l  adap ted  t o  d i g i t a l  computer 

- 2 -  
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a p p l i c a t i o n s . '  The e l l i p t i c  i n t e g r a l s  may be e v a l u a t e d  i n  s u b r o u t i n e s  which, 

f rom t h e  v i ewpo in t  of  programming, number of l o c a t i o n s ,  and number of  o p e r a t i o n s  

a r e  n o  d i f f e r e n t  f rom s u b r o u t i n e s  f o r  e l emen ta ry  f u n c t i o n s .  

q u i r e s  s i g n i f i c a n t l y  fewer  computer i n t e r n a l  s t o r a g e  l o c a t i o n s ,  and r e q u i r e s  

much l e s s  computing t ime  than  a p e r t u r b e d  Kep le r i an  motion p rocedure  of com- 

p a r a b l e  p r e c i s i o n .  

The p rocedure  r e -  

~~~ 

1 
O r b i t  computat ion programs based  on t h e  e q u a t i o n s  g iven  i n  t h i s  p a p e r  have  
been coded a t  t h e  Rich E l e c t r o n i c  Computer C e n t e r ,  Georg ia  I n s t i t u t e  of 
Technology,  and a t  t h e  Langley Research C e n t e r ,  NASA.  



~~ 
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- 2. V i n t i ' s  S o l u t i o n  

O b l a t e  s p h e r o i d a l  c o o r d i n a t e s  a r e  d e f i n e d  by [Ref. 11, p. 6621. 

cos  cp 

s i n  cp 

where x, y, z form a r igh t -handed ,  n o n - r o t a t i n g  r e c t a n g u l a r  c o o r d i n a t e  

sys tem,  w i t h  t h e  p o s i t i v e  a x i s  o f  

a x i s ,  x, y l y i n g  i n  t h e  e a r t h ' s  e q u a t o r i a l  p l a n e ,  5 ,  7 ,  cp a r e  o b l a t e  

s p h e r o i d a l  c o o r d i n a t e s ,  and c2 i s  a c o n s t a n t  a d j u s t e d  t o  e q u a l  i n  magnitude 

t h e  s t r e n g t h  of  t h e  quadrupo le  term i n  t h e  e a r t h ' s  g r a v i t a t i o n a l  f i e l d .  

V i n t i  demons t r a t ed  t h a t  t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l  c o u l d  be a p p r o x i -  

mated w i t h i n  rt0.2 p a r t s  p e r  m i l l i o n  by a p o t e n t i a l  of t h e  form 

z c o i n c i d i n g  w i t h  t h e  e a r t h ' s  n o r t h  p o l a r  

-5 
52 -t q2c2 

v =  

T h i s  i s  i n  a form which p e r m i t s  s e p a r a t i o n  of  t h e  Hami l ton-Jacobi  e q u a t i o n .  

The e x a c t  a n a l y t i c a l  s o l u t i o n  of  t h e  Hami l ton - Jacob i  e q u a t i o n  y i e l d s  s i x  

k i n e t i c  e q u a t i o n s  of  motion,  i n  terms of  s i x  c a n o n i c a l  c o n s t a n t s  

( i  = 1 , 2 , 3 )  
ai ,  P i  

( 3 )  = I32 

- 4 -  
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where Py, Pq?  Pv a r e  t h e  g e n e r a l i z e d  momenta i n  t h e  c o o r d i n a t e s  5 ,  q ,  

'3, and 

L E L  frn' = J 

These a r e  t h e  e q u a t i o n s  given by V i n t i .  

V i n t i  [Ref. 1 3 s h o u l d  be c o n s u l t e d .  

Fo r  d e t a i l s ,  t h e  o r i g i n a l  pape r  by 

The two e q u a t i o n s  

a r e  n u m e r i c a l l y  i n v e r t e d  t o  o b t a i n  < and q .  S i n c e  5,  q ,  which a r e  

"ampl i tudes"  of v i b r a t i o n ,  do n o t  e x h i b i t  a one- to-one  co r re spondence  w i t h  

t h e  time, t h e  a c t u a l  i n v e r s i o n  i s  t o  be done u s i n g  a n g l e  v a r i a b l e s  which 

do e x h i b i t  a un ique  co r re spondence  with t h e  t ime .  

c h o i c e  of  t r a n s f o r m a t i o n s ,  t h e  t r ans fo rmed  e q u a t i o n s  e x h i b i t  a non-van i sh ing  

J a c o b i a n ,  which i n s u r e s  t h e  e x i s t e n c e  o f  a un ique  s o l u t i o n .  

With t h e  a p p r o p r i a t e  

- 5 -  
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3 ,  Reduct ion  of t h e  E l l i p t i c  I n t e q r a l s  t o  S t a n d a r d  Form 

The i n t e g r a l s  i n  (4) cannot  be  expres sed  by a f i n i t e  number of e l emen ta ry  

f u n c t i o n s .  Two c h o i c e s  of a t t a c k  a r e  p o s s i b l e :  ( a )  t h e  i n t e g r a n d s  may be 

e x p r e s s e d  d i r e c t l y  a s  a power s e r i e s  i n  terms of O(c2)  and i n t e g r a t e d ,  o r  

( b )  t h e  i n t e g r a l s  may be reduced  t o  s t a n d a r d  form. In  t h e  end, bo th  methods 

a r e  e s s e n t i a l l y  e q u i v a l e n t ,  e x c e p t  t h a t  t h e  second method t a k e s  advan tage  of 

t h e  e x t e n s i v e  l i t e r a t u r e  on e l l i p t i c  i n t e g r a l s ,  and i s  i n  a b e t t e r  form f o r  

programming i n t o  a d i g i t a l  computer.  

F o r  example, by means of a t r a n s f o r m a t i o n  of  t h e  form 

5 = a ( 1 - e  cos  E) 

w i t h  a and e a p p r o p r i a t e  c o n s t a n t s ,  s u g g e s t e d  by t h e  ana logous  e q u a t i o n  

i n  K e p l e r i a n  motion,  t h e  i n t e g r a l s  i n  C may be e x p r e s s e d  a s  a power s e r i e s  

i n  t h e  o b l a t e n e s s  t e rm c2 w i t h  c o e f f i c i e n t s  which a r e  f u n c t i o n s  of t h e  t r u e  

anomaly. However, when t h e  i n t e g r a l s  a r e  r educed  t o  s t a n d a r d  form, fewer  

t e rms  i n  t h e  s e r i e s  expansion a r e  r e q u i r e d  f o r  a g iven  accu racy ,  and t h e  i n t e -  

g r a l s  may be e v a l u a t e d  i n  s u b r o u t i n e s  which a r e  n o t  much d i f f e r e n t  f rom sub-  

r o u t i n e s  f o r  t h e  e l emen ta ry  f u n c t i o n s ,  i n  terms of number of l o c a t i o n s  and 

number of  computa t iona l  s t e p s .  

In  t h e  r e d u c t i o n  of t h e  e l l i p t i c  i n t e g r a l s  t o  s t a n d a r d  form, a number of 

c h o i c e s  of  t r a n s f o r m a t i o n s  a r e  ava- i lab le .  

t h e  p a r a l l e l  w i th  Kep le r i an  motion have been chosen.  

advan tages ,  t h e  i m p o r t a n t  ones  being:  ( a )  t h e  "phys ic s"  of t h e  f a m i l i a r  

K e p l e r i a n  motion i s ,  i n  a s e n s e ,  r e t a i n e d ,  s i n c e  t h e  e q u a t i o n s  of motion i n  

t h e  e l l i p t i c  i n t e g r a l  f o r m u l a t i o n  d i f f e r  from t h e  e q u a t i o n s  of Kep le r i an  

motion o n l y  by terms of  magnitude O(c2) ;  ( b )  f o r  f a r - d i s t a n t  s a t e l l i t e s  t h e  

e q u a t i o n s  of motion d e g e n e r a t e  smoothly i n t o  e q u a t i o n s  of Kep le r i an  motion;  

and ( c )  if p r o d u c t s  of t h e  d i s t u r b i n g  f o r c e s  and c2 can be n e g l e c t e d ,  t h e  

p e r t u r b a t i o n  e q u a t i o n s  a r e  i d e n t i c a l  i n  form t o  t h e  p e r t u r b a t i o n  e q u a t i o n s  

of Kep le r i an  motion.  

The t r a n s f o r m a t i o n s  which emphasize 

Th i s  h a s  a number of 

- 6 -  
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- a .  Reduct ion  of  t h e  I n t e g r a l s  L p ( q ) ,  M J d ,  N , ( d  
The i n t e g r a l  N 2 ( q )  may be w r i t t e n  

99 and 12 t h e  r o o t s  o f ,  R ( q ) ,  a r e  
2 ’  

Here 

F o r  a bound p a r t i c l e ,  t h e  t o t a l  energy  i s  n e g a t i v e ,  i . e . ,  

hence ,  

P, < 0 a lways ;  

a r e  p o s i t i v e  and r e a l .  I n  t h e  l i m i t  a s  t h e  o b l a t e n e s s  v a n i s h e s  
%,2 

where i i s  t h e  i n c l i n a t i o n  o f  t h e  o r b i t .  Let  q2 < 7 4 .  Then t h e  r a n g e  of  
2 

t h e  v a r i a b l e  of  i n t e g r a t i o n  i s  

The l i m i t s  (7 )  and t h e  r a n g e  of v a r i a b l e s  (8) s u g g e s t  a t r a n s f o r m a t i o n  

‘1 = ‘1, s i n  u . ( 9 )  

With t h i s  t r a n s f o r m a t i o n ,  t h e  i n t e g r a l  becomes 

where F(u,x,) i s  an e l l i p t i c  i n t e g r a l  o f  t h e  f i r s t  k i n d  o f  argument  u 

and modulus x 2 ,  w i t h  x2 d e f i n e d  by 
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The argument u i s  ana logous  t o  t h e  argument of  l a t i t u d e  i n  Kep le r i an  

mot ion .  

The r ema in ing  i n t e g r a l s  i n  q become 

where 

second and t h i r d  k i n d s .  I n  t h e  l i m i t  a s  t h e  o b l a t e n e s s  v a n i s h e s  
F (u ,  x,), E ( u ,  x,), R ( U ,  qg ,  x,) a r e  e l l i p t i c  i n t e g r a l s  of t h e  f i r s t ,  

l i m  L,(u) + o , 

1 i m  -1 

c2 +, 0 

c 2 + o  M2(u) + tan ( c o s  i t a n  u )  . 

The l a s t  e x p r e s s i o n  i s  t h e  equa t ion  f o r  t h e  a z i m u t h a l  a n g l e  from t h e  a scend ing  

node t o  t h e  o b j e c t  i n  Kep le r i an  motion. 

The homn g r a  p h i  c t r an  s format ion  

1 + t cos  v)  
= P [ l +  s 1 c o s  VI 

emphas izes  t h e  p a r a l l e l  w i t h  Kepler ian  motion.  The c o n s t a n t s  p ,  8 ,  and s1 

a r e  chosen such  t h a t  

p + a ( l  - e2) 

s1 + e 

- 8 -  
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where a i s  t h e  semi-major  a x i s  of  a K e p l e r i a n  o r b i t  and e i s  t h e  eccen-  

t r i c i t y .  I t  i s  u n n e c e s s a r y  t o  g i v e  t h e  d e t a i l s  of t h e  t r a n s f o r m a t i o n ,  s i n c e  

a s t e p - b y - s t e p  p rocedure  f o r  t h e  r e d u c t i o n  o f  e l l i p t i c  i n t e g r a l s  t o  s t a n d a r d  

form i s  g iven  i n  s t a n d a r d  t e x t s  [see,  f o r  example, Ref. 12, p. 1801. 

N r i t e  t h e  polynomia l  R(5 ) ,  given i n  (41, a s  

where 5,, 5, a r e  t h e  l a r g e s t ,  r ea l ,  p o s i t i v e  r o o t s ,  w i t h  El > 5,. 

( p i  - fg) 
2BlS,5, 9 

k = -c2  

J 2 c  Q = J- 

C2 t B2 d-, ' 

- 9 -  
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The i n t e g r a l  M1(5) becomes 

The i n t e g r a l  L1(5) becomes 

a 2 a  

* 
tan-'( -1-52, J1 - Xfsin  v 

The s q u a r e d  modulus x2 i s  a p o s i t i v e  number of  O(c2) f o r  h i g h l y  
1 

i n c l i n e d  o r b i t s ;  i t  v a n i s h e s  for an i n c l i n a t i o n  a n g l e  a p p r o x i m a t e l y  e q u a l  

t o  0,03 r a d i a n s ,  and becomes s l i g h t l y  n e g a t i v e  f o r  e q u a t o r i a l  o r b i t s .  

The i n t e g r a l  M ( v )  may b e  expres sed  i n  terms of e l l i p t i c  i n t e g r a l s  

of t h e  t h i r d  k i n d  w i t h  a complex parameter ,  bu t  t h i s  form i s  p o o r l y  s u i t e d  

t o  computa t ion .  

D e f i n e  t h e  q u a n t i t i e s  

2 

A b e t t e r  form i s  t h a t  o b t a i n e d  by a se r ies  expans ion .  

QSf - 
I, - p2@ + S I C  2 2  

'- 10 - 
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The i n t e g r a l  becomes 

m=o 

where C i s  t h e  i n t q g r a l  m 

cosrn v dv V 

c =  m 

Th i s  i s  a s t a n d a r d  i n t e g r a l ,  but t h e  u s u a l  l i t e r a l  form [ see ,  f o r  

example,  Ref .  13, p .  1921 i s  p o o r l y  s u i t e d  t o  numer i ca l  computat ion because  

of t h e  p r e s e n c e  of a s m a l l  d i v i s o r .  

s e r i e s  expans ion  of t h e  i n t e g r a n d .  The r e s u l t s  a r e  

A b e t t e r  form i s  o b t a i n e d  by a T a y l o r ' s  

M 

V 

m 
v=o 

where J i s  g iven  by t h e  r e c u r s i v e  fo rmula  vm 

1 ,  v + (m - 1 ) ~ ~ , ~ - ~  
m- 1 - 

(22)  J v m  - 

w i t h  

2 v  + m [s inZv+i  v cos  

and  

The s e r i e s  expans ion  (21) converges r a p i d l y .  The f i r s t  f o u r  terms 

y i e l d  an accu racy  t o  e i g h t  dec imal  p l a c e s .  

- 11 - 
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4. S e r i e s  Expansions f o r  t h e  S tanda rd  E l l i p t i c  S n t e q r a l s  

The e l l i p t i c  i n t e g r a l s  of t h e  f i rs t ,  second and t h i r d  k i n d s  a r e  ( i n  

Legen .dress  n o t a t i o n )  d e f i n e d  by 

where x i s  c a l l e d  t h e  modulus, cp i s  c a l l e d  t h e  argument ,  and p i s  c a l l e d  

t h e  p a r a m e t e r .  

The i n t e g r a l s  of t h e  f i r s t  and second k ind  may be d e f i n e d  by t h e  s e r i e s  

03 
e x p r e s s i o n s  

m=o 
00 

rn=o 

where (:) s t a n d s  f o r  t h e  c o e f f i c i e n t s  i n  t h e  s e r i e s  expans ion  of 

m=o 

and tZm ( 9 )  i s  d e f i n e d  by equa t ion  (24 ) .  

The squared modulus x2 i s  O(c2) ,  s o  t h a t  t h e  power s e r i e s  expans ion  

converges  r a p i d l y ,  The f i r s t  f o u r  terms y i e l d  an accu racy  t o  e i g h t  dec imal  

d i g i t s .  

The e l l i p t i c  i n t e g r a l  of t h e  t h i r d  k i n d  i s  r e p r e s e n t e d  by two ser ies ,  

each  a p p l i c a b l e  o v e r  d i f f e r e n t  r anges  of  t h e  pa rame te r  p .  F o r  p2 s m a l l  

enough t o  i n s u r e  convergence  
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m=o j = o  

where tzm ( 9 )  i s  d e f i n e d  i n  ( 2 4 ) .  The p r a c t i c a l  r a n g e  of  convergence  i s  

[Ref.  141. 

When t h e  magnitude of p2 i s  g r e a t e r  than  ~ 2 ,  t h e  f o l l o w i n g  s e r i e s  i s  used  

m=o 
I 

where t h e  8, a r e  g iven  by [Ref. 131: 

T h i s  l a s t  ser ies  i s  v a l i d  f o r  v a l u e s  of p2 i n  t h e  r ange  

i . e . ,  t h e  s e r i e s  f a i l s  f o r  n e a r l y  c i r c u l a r  o r b i t s  and a l s o  f o r  n e a r l y  

e q u a t o r i a l  o r b i t s .  A p r a c t i c a l  compromise i s  t o  u s e  t h e  s e r i e s  

1 . ~ ~ 1  i s  g r e a t e r  than  2x2 (e .g . ,  f o r  e c c e n t r i c  and f o r  n o n - e q u a t o r i a l  o r b i t s )  

and t h e  se r ies  ( 2 8 )  when l p 2 (  i s  l e s s  than  o r  e q u a l  t o  2x2 ( e . g . ,  f o r  

n e a r l y  c i r c u l a r  and a l s o  f o r  n e a r l y  e q u a t o r i a l  o r b i t s )  e 

(29 )  where 

With t h e  p r o p e r  c h o i c e  of s e r i e s  r e p r e s e n t a t i o n s  f o r  t h e  e l l i p t i c  

i n t e g r a l  of t h e  t h i r d  k ind ,  no s i n g u l a r i t i e s  a p p e a r  i n  t h e  r a n g e  

- a <  p2 < 1 .  

T h i s  c o n d i t i o n  i s  v i o l a t e d  f o r  

- 13 - 



The f i r s t  of t h e s e  co r re sponds  ( approx ima te ly )  t o  an e c c e n t r i c i t y  g r e a t e r  t han  

o r  e q u a l  t o  u n i t y ,  and i s  of  n o  i n t e r e s t  h e r e .  The second  co r re sponds  t o  a 

p o l a r  o r b i t ,  The d i f f i c u l t y  a p p e a r s  i n  t h e  f i r s t  term i n  t h e  s e r i e s  expans ion  

f o r  t h e  e l l i p t i c  i n t e g r a l  o f  t h e  t h i r d  k i n d  i n  t h e  p a r a m e t e r  T h i s  i n t e -  

g r a l  a p p e a r s  i n  t h e  e q u a t i o n  f o r  a2, and i s  m u l t i p l i e d  by t h e  c o n s t a n t  p,. 
The l i m i t  of t h e  p r o d u c t  of  

i n  an i n f i n i t e s m a l l y  s m a l l  c i r c l e  about  t h e  p o l e s  

‘1,. 

p, and t h e  i n t e g r a l  v a n i s h e s  everywhere e x c e p t  

F o r  u =*‘ t h e  p r o d u c t  i s  i n d e t e r m i n a t e .  T h i s  s i n g u l a r i t y  i s  a r e f l e c t i o n  

of t h e  f a c t  t h a t  t h e  c e l e s t i a l  l o n g i t u d e  i s  i n d e t e r m i n a t e  i n  t h e  ne ighborhood 

of t h e  c e l e s t i a l  p o l e s .  I f  t h e  p o s i t i o n  i n  t h e  ne ighborhood of  t h e  p o l e s  i s  

n o t  r e q u i r e d ,  t h e n  n o  d i f f i c u l t y  a r i s e s  f o r  p o l a r  o r b i t s .  

2 ’  

5. P e r i o d s  of  t h e  Motion 

When t h e  c o o r d i n a t e  < goes  through one  v i b r a t i o n ,  t h e  argument  v 

i n c r e a s e s  by 2n, and t h e  time i n c r e a s e s  by one p e r i o d .  S i m i l a r l y ,  a s  each  

argument  u,  cp i n c r e a s e s  by 27c, t he  time i n c r e a s e s  by an amount e q u a l  t o  

t h e  p e r i o d s  i n  t h e s e  c o o r d i n a t e s .  Def ine  t h e  p e r i o d s  

TI t o  be  t h e  time r e q u i r e d  f o r  v t o  change by 271 , 
T, t o  be t h e  time r e q u i r e d  f o r  u t o  change by 271 , 
T3 t o  be  t h e  time r e q u i r e d  f o r  cp t o  change by 271 . 

The f r e q u e n c i e s  of  t h e  motion are g iven  by 

( i  = 1, 2, 3 )  . 1 
t, = -  

Ti ’ i 

D e f i n e  t h e  a c t i o n  v a r i a b l e  Ji by  t h e  i n t e g r a l s  

n 

, 

- 14 - 
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Then t h e  f r e q u e n c i e s  of  t h e  motion are  g iven  by [Ref. 15, 161: 

( 3 3 )  

where H i s  t h e  Hami l ton ian ,  S i n c e  t h e  Ji a r e  f u n c t i o n s  of t h e  p 
( i  = 1, 2, 3) on ly ,  t hen  t h e  v a r i a t i o n s  of t h e  

i 
may be w r i t t e n  Ji 

aJi  
(34) d J i  = 1 agj d ~ j  3 

j = i  

where t h e  P i  o n l y  a r e  ‘ r ega rded  a s  v a r i a b l e s .  These e q u a t i o n s  have a unique  

i n v e r s e ,  s o  t h a t  

(35) 

can be  found.  No t ing  t h e  8, i s  t h e  t o t a l  energy ,  i . e . ,  P, = H ,  then  

o n l y  t h e  f i r s t  equa t ion  of t h e  set  i s  r e q u i r e d  t o  f i n d  t h e  f r e q u e n c i e s ,  t h a t  is 

m 

dpi = 1 v i  d J i  . 
i=i 

Thus t h e  p e r i o d s  can be de t e rmined  from t h e  k i n e t i c  e q u a t i o n s  of  motion by 

means of t h e s e  e q u a t i o n s  and s imple  a l g e b r a i c  man ipu la t ion .  The r e s u l t s  a r e  

( 3 7 )  

271 T,  

a r e  t h e  i n t e g r a l s  d e f i n e d  i n  ( 4 ) ,  and T,, T2, T, Ni  where t h e  Li ,  Mi ,  

a r e  d e f i n e d  above.  S e r i e s  expans ions  f o r  t h e  p e r i o c k a r e  r e a d i l y  o b t a i n e d ,  

b u t  do n o t  a p p e a r  t o  be wor thwhi le ,  s i n c e  each  of t h e  q u a n t i t i e s  a p p e a r i n g  i s  

computed d u r i n g  t h e  computat ion of  an ephemer is .  

- 15 - 
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6,  The Numerical  I n v e r s i o n  of  t h e  K i n e t i c  Equa t ions  

An approximate  a n a l y t i c a l  i n v e r s i o n  of t h e  e q u a t i o n s  (3) may be p e r -  

formed w i t h  t h e  a i d  of t h e  J a c o b i a n  e l l i p t i c  f u n c t i o n s .  However, i n  t h e  

f o r m u l a t i o n  g iven  i n  t h i s  r e p o r t  t h e  i n v e r s i o n  i s  performed n u m e r i c a l l y .  

Def ine  t h e  i n t e g e r s  n and m by 

n = G. I .  [ t k  - '01 
9 

1 

where G o  I .  [ 
and to, t,, t2,  ..., tk,  a r e  a r b i t r a r y  r e f e r e n c e  times. D e f i n e  

] i s  t o  be i n t e r p r e t e d  t o  mean " t h e  g r e a t e s t  i n t e g e r  o f , "  

(39)  Q* = - a2 - nMl(2.rr) + mM2(2.rr) , 

The e q u a t i o n s  ( 3 )  become 

- LJ* = N1(v) - N 2 ( u )  . 

The f i r s t  and l a s t  of t h e s e  e q u a t i o n s  a r e  i n v e r t e d  n u m e r i c a l l y  t o  o b t a i n  

u and v a t  a g iven  t ime  t .  The J a c o b i a n  of t h e s e  e q u a t i o n s  i s  g iven  by 

The J a c o b i a n  i s  d i f f e r e n t  from ze ro  everywhere.  Th i s  i s  a s u f f i c i e n t  c o n d i t i o n  

t o  i n s u r e  t h e  e x i s t e n c e  of a un ique  i n v e r s e  t o  t h e s e  e q u a t i o n s .  

- 16 - 
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In  t h e s e  e q u a t i o n s ,  i f  t h e  r e f e r e n c e  time tk i s  f i x e d ,  t h e  "e lements"  

a", Q*, and w* remain c o n s t a n t ,  and t h e  a rguments  u and v i n c r e a s e  w i t h  

time. 

changed from tk  t o  t k + l  a t  i n v e r v a l s .  The e l emen t s  a", a*, W* w i l l  be 

changed  a t  each  change of r e f e r e n c e  time. I f  t h e  r e f e r e n c e  t ime a d j u s t m e n t  i s  

made a f t e r  each  r e v o l u t i o n  of u and v,  t h e  e l emen t s  a", Q*, w* w i l l ,  

t o  a good approx ima t ion ,  be e q u a l  t o  t h e  time of  p e r i g e e  pas sage ,  t h e  r i g h t  

a s c e n s i o n  of  t h e  node, and t h e  argument of  p e r i g e e  i n  p e r t u r b e d  Kep le r i an  mo- 

t i o n  rn 

To a v o i d  o v e r f l o w  o f  t h e  computer r e g i s t e r s ,  t h e  r e f e r e n c e  t ime may be  

A t  t ime t = t from ( 3 8 1 ,  (39) and (a), 
0' 

a* = - a2 , 

W* = - a a .  

T h e r e f o r e ,  t h e  c a n o n i c a l  c o n s t a n t s  ai ,  a2, a3 a r e  n o t  i ndependen t  of  t h e  

r e f e r e n c e  time, s o  t h a t  a s p e c i f i c a t i o n  o f  t h e  c a n o n i c a l  c o n s t a n t s  w i t h o u t  a 

r e f e r e n c e  t ime i s  mean ing le s s ,  

7 .  O r b i t a l  Elements  

The c h o i c e  of  a s e t  of "e lements  of  t h e  o r b i t "  i s  n o t  a r b i t r a r y .  A 

c h o i c e  d i c t a t e d  by t h e  o p e r a t i o n a l  demands of a t r a c k i n g  complex, f o r  example, 

might  be e n t i r e l y  d i f f e r e n t  f rom a cho ice  based  upon o t h e r  c o n s i d e r a t i o n s .  

A number of  f a c t o r s  e n t e r ,  t h e  more p e r t i n e n t  o f  which a p p e a r  t o  be 

( a )  t h e  in fo rma t ion  c o n t e n t ,  

( b )  computa t iona l  conven ience ,  

( c )  p h y s i c a l  and g e o m e t r i c a l  s i g n i f i c a n c e ,  

( d )  g e n e r a l  usage,  

a l l  o f  which must be p l a c e d  i n  p rope r  r e l a t i o n s h i p  t o  t h e  c o n t r o l l i n g  c r i t e r i a  

of  s i m p l i c i t y ,  o v e r a l l  o b j e c t i v e s ,  and s o  on More e s o t e r i c  c o n s i d e r a t i o n s  

- 17 - 
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may wel l  be a p p r o p r i a t e  i n  an a n a l y t i c a l  s t u d y ,  bu t  h a r d l y  appea r  c o n t r i b u t o r y  

t o  a compute r -o r i en ted  p r e s e n t a t i o n .  

To i l l u s t r a t e  t h e  v a r i e t y  of cho ices  a v a i l a b l e ,  c o n s i d e r  t h e  semi-major 

a x i s  a .  In  Kep le r i an  motion,  t h e  semi-major a x i s  i s  s imply  r e l a t e d  t o  t h e  

t o t a l  energy ,  t h e r e f o r e ,  by ana logy ,  one d e f i n i t i o n  might  be 

In  Kep le r i an  motion t h e  semi-major a x i s  i s  a l s o  t h e  mean sum of apogee and 

p e r i g e e  d i s t a n c e ;  hence  a n o t h e r  d e f i n i t i o n  

where E l  and E 2  a r e  t h e  maximum and minimum o f t h e  c o o r d i n a t e  c ( i . e o ,  t h e  

r o o t s  of R(<) = 0). S i m i l a r l y ,  ano the r  c h o i c e  i s  

r + r2 

2 
- 1 

a =  9 

where rl,  and r2 a r e  r a d i a l  d i s t a n c e s .  Here two c h o i c e s  a r e  p o s s i b l e :  

( a )  u s i n g  t h e  r e l a t i o n s h i p  between t h e  p o l a r  c o o r d i n a t e  and t h e  coor-  

d i n a  t e s  

+ c 2 ( 1  - ?12> r 1 , 2  - - ":,2 

t hen  may be d e f i n e d  a s  t h o s e  v a l u e s  a t  maximum and minimum of 

where t h e  v a l u e  of  '1 i s  q u i t e  s imply de te rmined ,  o r  ( b )  rl, r2 may be 

t aken  a s  t h e  t r u e  maximum and minimum o r  r,  where t h e  v a l u e s  of 5 ,  q a r e  

n o t  s o  e a s i l y  de t e rmined ,  

( a )  rl, r2 5 ,  

S i n c e  t h e  semi-major a x i s  i s  r e l a t e d  t o  t h e  a n o m a l i s t i c  p e r i o d  i n  Kep le r i an  

motion,  t h i s  a l s o  y i e l d s  a v a r i e t y  of c h o i c e s .  

Each of t h e s e  d e f i n i t i o n s  y i e l d s  n e a r l y  e q u a l  numer i ca l  v a l u e s  f o r  t h e  

"semi-major  a x i s , "  and one o r  ano the r  may be adop ted  w i t h  impunity.* 

* I f  each  of t h e  above d e f i n i t i o n s  of a i s  e x p r e s s e d  i n  terms of t h e  p e r i o d  of 
a Kep le r i an  o r b i t ,  t h e  r ange  of t h e  v a l u e s  i s  about  f o u r  seconds  of time f o r  
t h e  s a t e l l i t e  E x p l o r e r  I V .  
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I f  c o n s i s t e n c y  i s  t o  be ma in ta ined ,  t h e  c h o i c e  w i l l  a f f e c t  t h e  d e f i n i t i o n  of 

t h e  e c c e n t r i c i t y .  C e r t a i n l y  t h e  numer ica l  v a l u e  of  t h e  e c c e n t r i c i t y  w i l l  be 

a f f e c t e d ,  and t h e  t ime  v a r i a t i o n s  of bo th  e l emen t s  under  p e r t u r b i n g  f o r c e s  

w i l l  be  a f f e c t e d .  

e r a t i o n  i n  m a i n t a i n i n g  p r e c i s i o n .  

I t  i s  n o t  known whether t h i s  l a s t  i s  an impor t an t  cons id -  

The s e t  of e l emen t s  which appear  b e s t  s u i t e d  t o  t h e  o b j e c t i v e s  of t h i s  

r e p o r t  a r e  t h e  o s c u l a t i n g  Kep le r i an  e l emen t s .  

s i m p l i c i t y ,  of e a s y  p h y s i c a l  and geomet r i ca l  i n t e r p r e t a t i o n ,  and of a n t i q u i t y  

of u s a g e ,  They c o n t a i n  t h e  maximum amount of i n f o r m a t i o n  about  t h e  motion 

which can be g iven  i n d e p e n d e n t l y  of t h e  p h y s i c a l  model. 

f i t "  of  t h e  p a t h  t o  o b s e r v a t i o n s  du r ing  s u c c e s s i v e  t ime  i n t e r v a l s ,  t h e  "time 

v a r i a t i o n ' '  of t h e  o s c u l a t i n g  e lements  may be o b t a i n e d .  

a r e  of g r e a t e s t  i n t e r e s t  i n  t h e  s t u d y  of p h y s i c a l  models .  

They have  t h e  advantages  of 

By o b t a i n i n g  t h e  " b e s t  

These t ime  v a r i a t i o n s  

8 ,  Computation of  an Ephemeris 

The p r i n c i p a l  s t e p s  i n  t h e  computation of an ephemer is  a r e  

( a )  t h e  computat ion of t h e  c a n o n i c a l  e l emen t s  from i n i t i a l  c o n d i t i o n s  

a t  some s t a r t i n g  t ime ,  

( b )  t h e  compu*ation of E ; ,  q, 'p a t  some o t h e r  s p e c i f i e d  t ime.  

The computat ion of t h e  canon ica l  c o n s t a n t s  i s  c o n v e n i e n t l y  made u s i n g  

a t  t h e  ?o' 'Po g e o c e n t r i c  r e c t a n g u l a r  c o o r d i n a t e s .  The e q u a t i o n s  f o r  Co, 

s t a r t i n g  time to a r e  

(43) 

< O  = + J 2 ;  c2 (1 + j m ) ,  
hOl = ;2 1 J2; c2 (1 - J: + m} 4z2c2 , 

Y 
'po = tan- '  x , 

where x,  y,  z a r e  t h e  g e o c e n t r i c  r e c t a n g u l a r  c o o r d i n a t e s ,  

(44) 
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and c i s  t h e  s m a l l  c o n s t a n t  

2 
3 c2 = -J 1.082 x lo-" . 

70 
The c o o r d i n a t e  5 i s  a lways  p o s i t i v e ;  t h e  s i g n  of t h e  c o o r d i n a t e  

0 
i s  t aken  t o  be t h e  same a s  t h e  s i g n  o f  

i n  t h e  computat ion of cp . 
hOl s h o u l d  be r e p l a c e d  by a power s e r i e s  i n  c2  t o  avo id  loss of  s i g n i f i -  

cance  i n  s i n g l e  p r e c i s i o n  computat ions.  

z. The u s u a l  quadran t  checks  a r e  used  

I n  p r a c t i c e ,  t h e  r a d i c a l  i n  t h e  e x p r e s s i o n  f o r  
0 

(45) 

The g e n e r a l i z e d  momenta a r e  computed from 

= xjl - yjc , 
pT 

where t h e  d o t  i n d i c a t e s  t h e  t ime  d e r i v a t i v e ,  and 

The c a n o n i c a l  c o n s t a n t s  pi, p2, p3 a r e  o b t a i n e d  from 

(47) B, = Pv 

where 

i s  n o t  used  when t h e  p i ' s  a r e  e x p r e s s e d  i n  t h i s  manner.)  pc (Note  t h a t  
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t 

I 

The computa t ion  of  t h e  c a n o n i c a l  c o n s t a n t  ai, a2, a3 proceeds  a s  

follows : 

- 

I1 

( a )  t h e  r o o t s  El, E , ,  

( b )  t h e  i n t e r m e d i a t e  c o n s t a n t s  j ,  k ,  A ,  B2, Cy 

sl’ 8, P, x:, Q, g, s2, 119 3,  R 2 ,  ( ~ r s  ( ~ 2 9  

( c )  t h e  argument 

P - c  
c o s - 1  I s &  - P 2 I  

v =  

w i t h  q u a d r a n t  check, 

E :  Sign  of  p 

S ign  of cos  v: 

Quadran t  of V: 

w i t h  q u a d r a n t  check,  

Quadran t  of  u:  I 1  1 1 1  
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The d e t e r m i n a t i o n  of t h e  c o o r d i n a t e s  a t  some d t h e r  s p e c i f i e d  t ime  t 
r e q u i r e s  t h e  numer i ca l  i n v e r s i o n  of  t h e  e q u a t i o n s  

T h i s  may be accompl ished  i n  a number of  ways. A Newton - Raphson p rocedure  

works w e l l  i n  p r a c t i c e .  Def ine  v u t o  be t h e  j th  t r i a l  v a l u e s  of v,  u ,  

c o r r e s p o n d i n g  t o  v a l u e s  a l j ,  a a j .  Then t h e  ( j  + 1) t r i a l  v a l u e  i s  g iven  by 
j '  j 

(49) 

where t h e  p a r t i a l  d e r i v a t i v e s  a r e  given by 

where C, q a r e  de t e rmined  from the  j th  t r i a l  v a l u e s  of u ,  v . 
With t h e s e  v a l u e s  of u,  v, the c o o r d i n a t e s  C, q, c p ,  PC' Pq' Pq 

may be  o b t a i n e d .  

p r i a t e  r e f e r e n c e  frame ( e . g , ,  r ange ,  r i g h t  a s c e n s i o n  and d e c l i n a t i o n ,  o r  
az imuth ,  e l e v a t i o n  and h e i g h t  above geo id ,  e t c . )  t h e  computat ion i s  comple te .  

With t h e  t r a n s f o r m a t i o n  of t h e s e  c o o r d i n a t e s  t o  t h e  appro-  



~ _ _ _  

I 
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9 0  Approximate Expres s ions  f o r  t h e  K i n e t i c  E q u a t i o n s  

Values  of  t h e  s m a l l  q u a n t i t i e s  j ,  k ,  .e, x:, x: a r e  a t  most 0 ( c 2 ) ,  

F o r  example,  f o r  an e a r t h  s a t e l l i t e  i n  an o r b i t  s i m i l a r  t o  t h e  o r b i t  of 

E x p l o r e r  I V  n e a r  t h e  d a t e  of launch,* 

S i m p l i f i e d  e x p r e s s i o n s  f o r  t h e  k i n e t i c  e q u a t i o n s  a r e  o b t a i n e d  by i g n o r i n g  

s q u a r e s  o f  t h e s e  s m a l l  q u a n t i t i e s  i n  t h e  n o n s e c u l a r  terms, 

I t  i s  conven ien t  t o  e x p r e s s  t h e  r e s u l t s  i n  t e rms  of an  a n g l e  v a r i a b l e  

ana logous  t o  t h e  e c c e n t r i c  anomaly i n  Kep le r i an  motion,  Make t h e  t r a n s f o r -  

mat ion  on t h e  a n g l e  v 

S u b s t i t u t i n g  (51) i n t o  t h e  homographic t r a n s f o r m a t i o n  (14) y i e l d s  

where a* i s  d e f i n e d  by 
E l  + t2 

2 
( 5 3 )  a* = 

~~ ~ ~ 

ZM)/R~ = 1 where G2 i s  t h e  u n i v e r s a l  c o n s t a n t  (G 
of g r a v i t a t i o n ,  M i s  a r e p r e s e n t a t i v e  mass of t h e  e a r t h ,  and R i s  a 
r e p r e s e n t a t i v e  e a r t h  r a d i u s o  

* 
The u n i t s  a r e  such  t h a t  
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(54) 

The i n t e g r a l  L l ( 5 )  d e f i n e d  by e q u a t i o n  (4)  becomes 

where C,(E*) i s  d e f i n e d  i n  (20) 

The l a s t  term i n  (54) c o n t a i n s  a s e c u l a r  p a r t ,  However, f o r  a r c s  o f  

abou t  100 r e v o l u t i o n s  o r  less,  and f o r  

i n  magni tude ,  Omi t t ing  t h i s  term from (54),  

s: < 1, t h i s  t e r m  i s  l e s s  t han  

where n* and e* a r e  d e f i n e d  by 

O m i t t i n g t e r m s  i n  x: from (55) y i e l d s  

(57) L1(S) = - 1 {E* - e*sin E* + x; - [E* - s i n  E*cos E* t - 2 e* sin3E*]) t O ( x t , 8 2 ) e  
n* 4 3 

I f  j u s t i f i c a t i o n  e x i s t s  f o r  r e t a i n i n g  h i g h e r  o r d e r  te rms  i n  

d2,  t h i s  can be done by 
x; i n  t h e  

s e c u l a r  p a r t s  of 

modi fy ing  (57 )  

e v a l u a t e d  t o  o r d e r  x,, i o e o ,  

(54), w h i l e  o m i t t i n g  t h e  term i n  

t o  i n c l u d e  t h e  complete  e l l i p t i c  i n t e g r a l  of t h e  f i r s t  k i n d  
4 .  
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Thus (57) becomes 

( 5 8 )  Ll(<) 5 1 {( N X , )  ) E*- e* s i n  E*- x: - s i n  E*(cos E*-T 2 e* sin2E*) + e * e }  4 

The i n t e g r a l  L 2 ( q )  d e f i n e d  i n  (4)  can be reduced  by s u b t r a c t i n g  t h e  

e l l i p t i c  i n t e g r a l  of  t h e  second k ind  from t h e  e l l i p t i c  i n t e g r a l  of t h e  f i r s t  

k ind ,  t e r m  by term,  The r e s u l t ,  

( 5 9 )  

Terms i n  x: have  been r e t a i n e d  i n  t h e  s e c u l a r  p a r t  of (59) ,, 

The i n t e g r a l  M i ( < )  d e f i n e d  i n  (4 )  i s  c o n v e n i e n t l y  reduced  from t h e  form 

+ 

+ ] } 9 

where t h e  Cm(v) have  been d e f i n e d  i n  (20)  a 

O m i t t i n g  terms i n  c4,  c2$, .e2, and c2xg, t h e n  (61) r educes  t o  

The i n t e g r a l  M2(q)  t o  terms of  o r d e r  x$ i s  g iven  by 
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The i n t e g r a l  N2( r )  i s  g iven  approx ima te ly  by 

The t r a n s f o r m a t i o q  between E* and v g iven  i n  (51) may be c o n v e n i e n t l y  

w r i t t e n  i n  t h e  form 

To t h e  o r d e r  ~2~ t h i s  becomes 

x:sl sin"  E* cos  E*(2 - sl 
2 (1 - S ,  c o s  E*)2 COS E* - s1 ( (67) t a n  v = 

<< l ) ,  t h e  well-known " h a l f - a n g l e  s1 n u s  f o r  s m a l l  e c c e n t r i c i t i e s  ( i o e o 9  

formula"  a p p l i e s ,  t h a t  i s  

v z j z  t a n -  E* 
2 

t a n  - - 2 

Approximate v a l u e s  of  t h e  c o n s t a n t s  a r e  g i v e n  by 

where j , k  a r e  d e f i n e d  by (15) 

- 26 - 
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10. C o e f f i c i e n t s  f o r  D i f f e r e n t i a l  Improvement of t h e  O r b i t  

The d i f f e r e n c e s  between t h e  observed  and computed p o s i t i o n s  of  t h e  o b j e c t  

a r e  t o  be u s e d  t o  o b t a i n  improvements i n  t h e  c o n s t a n t s  o f  t h e  motion,  The 

l i n e a r  e q u a t i o n s  which a r e  t o  be so lved  a r e  of t h e  form 

where i s  a column ma t r ix  whose e l emen t s  

between t h e  obse rved  and computed p o s i t i o n s  of  t h e  ob. 

{A (0 - c ) ]  a r e  t h e  d i f f e r e n c e s  

e c t ,  {TI i s  a m a t r . x  

whose e l emen t s  a r e  p a r t i a l  d e r i v a t i v e s  of  t h e  c o o r d i n a t e s  of t h e  o b j e c t  w i t h  

z e s p e c t  t o  t h e  c o n s t a n t s  of  t h e  motion, and da,, da2, dp:, a r e  ( s m a l l )  

c o r r e c t i o n s  t o  t h e  c o n s t a n t s  o f  t h e  motion.  

Throughout t h e  fo l lowing ,  it i s  assumed t h a t  a s o l u t i o n  t o  (72) can be 

o b t a i n e d ,  

The pu rpose  of  t h i s  s e c t i o n  is  t o  p r e s e n t  t h e  e l emen t s  o f  t h e  m a t r i x  { T I .  
While i n  p r i n c i p l e  t h e s e  e lements  a r e  e a s y  t o  o b t a i n ,  t h e  a c t u a l  e x p r e s s i o n s  

a r e  q u i t e  l e n g t h y ,  Th i s  l e a d s  t o  "bookkeeping" problems.  To s i m p l i f y  t h e  

p r e s e n t a t i o n ,  t h e  r e s u l t s  a r e  r eco rded  a s  a number of  m a t r i c e s ,  each  of which 

c o n t a i n s  t h e  r e s u l t s  of  an i n t e r m e d i a t e  s t e p .  The f i n a l  e q u a t i o n s  may be 

o b t a i n e d  by m u l t i p l y i n g  t h e s e  m a t r i c e s ;  i f ,  i ndeed ,  t h i s  i s  done, i t  w i l l  be  

found t h a t  o n l y  a few minor c a n c e l l a t i o n s  and s i m p l i f y i n g  combina t ions  r e s u l t ,  

s o  t h a t  t h e  m a t r i x  r e p r e s e n t a t i o n  i s  r e a s o n a b l y  economical .  Some l o s s  i n  

computa t iona l  e f f i c i e n c y  no doubt  r e s u l t s  i f  t h e  computer coding i s  c a r r i e d  

o u t  d i r e c t l y  from t h e  m a t r i x  r e p r e s e n t a t i o n s ,  b u t  i n  v iew of t h e  o t h e r  advan-  

t a g e s ,  t h e  loss i n  e f f i c i e n c y  i s  not  b e l i e v e d  t o  be important . ,  

The r e s i d u a l s  may be ob ta ined  by s u b t r a c t i n g  t h e  computed v a l u e s  

from obse rved  v a l u e s .  

p rov ided  by t h e  e q u a t i o n s  

However, an approximate ,  more e f f i c i e n t  p rocedure  i s  
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x, y,  z a r e  computed g e o c e n t r i c  r e c t a n g u l a r  c o o r d i n a t e s  of t h e  o b j e c t  

a t  t h e  time of  o b s e r v a t i o n ;  

X, Y, Z a r e  computed g e o c e n t r i c  r e c t a n g u l a r  c o o r d i n a t e s  of  t h e  o b s e r v e r  

a t  t h e  time of o b s e r v a t i o n ;  

8 ,  P a r e  obse rved  r i g h t  a scens ion  and d e c l i n a t i o n ;  

p i s  t h e  s l a n t  r ange  from o b s e r v e r  t o  o b j e c t .  

I f  t h e  s l a n t  r ange  i s  n o t  observed ,  t h e  l a s t  row i n  t h e  column v e c t o r  i s  

o m i t t e d .  

The r e s i d u a l s  must be t ransformed i n t o  o b l a t e  s p h e r o i d a l  c o o r d i n a t e s ,  

D e f i n e  t h e  r o t a t i o n  m a t r i x  {TI) by 

- s i n  8 cos e 
{ A ( O  - c ) ]  - - cos e s in  p - s i n  8 s i n  p 

s i n  8 cos p - c  cos e cos p s i n  P 
(74)  

D e f i n e  t h e  r o t a t i o n  m a t r i x  {T2) by 
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Thus, t h e  r e s i d u a l s  may be w r i t t e n  

where {TI], ET2) a r e  d e f i n e d  by (74) and (75) 

The d i f f e r e n t i a l s  i n  t h e  o b l a t e  s p h e r o i d a l  c o o r d i n a t e s  a r e  r e l a t e d  t o  

d i f f e r e n t i a l s  i n  t h e  c o n s t a n t s  of t h e  motion th rough  t h e  k i n e t i c  e q u a t i o n s .  

Write t h e  k i n e t i c  e q u a t i o n s  i n  t h e  f o r m  

D i f f e r e n t i a t e  bo th  s i d e s  w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e s ,  a s  t h e y  appea r  

e x p l i c i t l y .  The r e s u l t i n g  l i n e a r  e q u a t i o n s  have  a un ique  s o l u t i o n :  

{i{} = ET 3 I 
- 

where ETg) i s  t h e  m a t r i x  d e f i n e d  by 
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{I) i s  t h e  u n i t  m a t r i x ,  d e f i n e d  by 

r e q a r d e d  a s  2' a3 and  d a i ,  dd;, da; a r e  t o t a l  d i f f e r e n t i a l s  i n  al, a 
f u n c t i o n s  of  pl, pz, p, only ,  t h a t  i s ,  

The doc;, da;, dag  a r e  t o  be e x p r e s s e d  i n  te rms  of  t h e  dP1, dp,, dP3" 

Using e q u a t i o n s  

(77) may be d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  which appea r  e x p l i c i t l y ,  

The r e s u l t  i s  t h e  3 x 12 m a t r i x  ID(., n ) ) ,  

( 5 8 ) ,  ( 5 9 ) ,  ( 6 2 ) ,  ( 6 3 ) ,  (64) and ( 6 5 ) ,  t h e  k i n e t i c  e q u a t i o n s  

where 9' = (Qq). 
The f i r s t  column of  {D(m, n ) )  i s  made up of  e l emen t s  which a r e  t h e  

( e x p l i c i t )  d e r i v a t i v e s  of t h e  k i n e t i c  e q u a t i o n s  w i t h  r e s p e c t  t o  

column i s  made up of  t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  P,, e t c .  L i s t i n g  by 

column and by e lement :  

PI, t h e  second 
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1st column (pl) : 

a2 a2 + cp 
D ( 2 , l )  = D ( 3 , l )  = - 

-2P 1 - 2P1 

2nd column (P9): 

D(1,2)  = 0 

3 r d  column ( p  ) : 

a2 
D ( 3 , 3 )  = p 

3 
D(1,3)  = D(2,3)  = 0 0 

4 t h  column ( ~ ~ c ) .  

5 t h  column (11,) : 

D ( 1 , 5 )  = 0 

n 

X': 
+ _2 u} 

2rl; 

D(3,5)  = 0 

6 t h  column (a*) : 

D(2,6) = 0 D(3,6)  = 0 

7 t h  colum? ( Q ' ) :  
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8 t h  column ( s i ) :  

9 t h  column (e*) : 

Q'o; 9 C ( 1  -+ & ) v  - s i n  v cos  v + oo.] w D(3,10) = . 

1 1 t h  colum? (x2)>:  

P3 9 D ( 3 , l l )  = [(I + - x2) u - s i n  u cos u + o * o ]  7 1 C G  8 2  

1 2 t h  column ( p ) :  

The c o n s t a n t s  a p p e a r i n g  e x p l i c i t l y  i n  t h e  k i n e t i c  e q u a t i o n s  a r e  i n  t u r n  

e x p l i c i t  f u n c t i o n s  of tl, C Z ,  j ,  k ,  

D e f i n e  t h e  m a t r i x  {D' (m,  n ) ]  by 

- 3 2  - 
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Then w r i t e  
0 

. "  

I The m a t r i x  [D ' (m,  n ) ]  i s  c o n v e n i e n t l y  p a r t i t i o n e d  i n t o  3 X 3 s u b m a t r i c e s .  

1 
Def ine  t h e  f u n c t i o n s  
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The s u b m a t r i c e s  a r e  g i v e n  by 

(85) d ' ( 2 , 2 )  = 

(87) d1 ( 3 , 2 )  

d ' ( 2 , 3 )  = 

(89) d 1 ( 4 , 2 )  = 

- Georgia  Tech EES 
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’ 
(91) 

I 

1 
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The e q u a t i o n  (72) can be w r i t t e n  

If t h e  c o r r e c t i o n s  a r e  t o  be made on e l emen t s  a ,  e ,  i (semi-major  a x i s ,  

e c c e n t r i c i t y ,  i n c l i n a t i o n )  which a r e  d e f i n e d  i n  terms of t h e  

a d d i t i o n a l  m a t r i x  m u l t i p l i c a t i o n  w i l l  be  r e q u i r e d .  The e lements  o f  t h e  n e x t  

m a t r i x  w i l l ,  of  cour se ,  depend upon t h e  d e f i n i t i o n s ,  I f  t h e  e l emen t s  proposed  

by I z s a k  (Ref. 10) d e f i n e d  by 

pi on ly ,  an 

-1 i = s i n  Is,[ 

a r e  used ,  t h e  m a t r i x  -{D”(m,n)] i s  s i m p l i f i e d .  
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11. V a r i a t i o n  of C o n s t a n t s  

The d i f f e r e n t i a l  e q u a t i o n s  of  motion may be w r i t t e n  i n  t h e  form 

a r e  t h e  g e n e r a l i z e d  momenta and c o o r d i n a t e s ,  and Fi i s  t h e  q i  where pi ,  

g e n e r a l i z e d  f o r c e  a c t i n g  a long  t h e  i th c o o r d i n a t e .  The e q u a t i o n s  (3) a r e  t o  

be r e g a r d e d  a s  s o l u t i o n s  t o  (95) with Fi = 0; t h e s e  s o l u t i o n s  may be w r i t t e n  

i n  t h e  form 

where t h e  C a r e  t h e  c o n s t a n t s  of motion,  The s o l u t i o n  t o  (95) may be 

c o n s t r u c t e d  from t h e  s o l u t i o n s  

method, 

j 
( 9 6 )  by t h e  s o - c a l l e d  “ v a r i a t i o n  of c o n s t a n t s n  

The r e su l t s  may be w r i t t e n  

(97)  

Write t h e  e q u a t i o n s  f o r  t h e  p i  i n  t h e  form 

Write {V 1 f o r  t h e  m a t r i x  whose e lements  a r e  d e r i v a t i v e s  of t h e  6 w i t h  

r e s p e c t  t o  t h e  momenta, 
P i 
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( 9 9 )  {VP) = 0 0 1 

The d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  new " c o n s t a n t s  of motion" a r e  g i v e n  by 

The d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  ai a s  a f u n c t i o n  of t ime  a r e  o b t a i n e d  

i n  t h e  same manner. The r e s u l t s  a r e  

where {D(m,n)>, {D'(m,n)),  {D"(m,n)), and {V(p))  a r e  g iven  by (811, 

( 8 2 ) ,  (911, and (99) r e s p e c t i v e l y .  

The g e n e r a l i z e d  momenta a r e  g iven  by 

Q ( E 2  + c2)  (1 + sl cos  v )  
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YC 

- Yfl 

I f  t h e  f o r c e s  Fi a r e  s u f f i c i e n t l y  sma l l ,  t h e  terms o f  O(c2)  may be  

p u t  e q u a l  t o  z e r o  i n  t h e  e q u a t i o n s  (loo), (101), (102), and (103). The 

r e s u l t s  co r re spond  t o  t h e  e q u a t i o n s  g iven  by Moulton(Ref.  17) 

s u b s t i t u t i o n s  

w i t h  t h e  

1 
2a ’ P, + - -  

a2 + - Q ,  

a3 + - w J  

where t h e  symbols a r e  t h o s e  used  by Moulton, 
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